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LOCAL DECAY FOR THE DAMPED WAVE EQUATION IN THE ENERGY 

SPACE 


JULIEN ROYER 


Abstract. We improve a previous result about the local energy decay for the damped wave 
equation on The problem is governed by a Laplacian associated with a long range per¬ 
turbation of the flat metric and a short range absorption index. Our purpose is to recover 
the decay in the weighted energy spaces. The proof is based on uniform resolvent 

estimates, given by an improved version of the dissipative Mourre theory. In particular we 
have to prove the limiting absorption principle for the powers of the resolvent with inserted 
weights. 


1. Introduction and statements of the results 
We consider on d > 3, the damped wave equation: 

j dfu + Pu + a{x)dtu = 0, on R+x R'^, 

[{u,dtu)\^^Q = {uo,ui), onR"*. 

The operator P is a Laplace-Beltrami operator (or a Laplacian in divergence form) associated 
to a long-range perturbation of the usual flat metric (see (1.5) below). In particular it is a 
self-adjoint and non-negative operator on some weighted space = L‘^{w{x) dx) where w is 
bounded above and below by a positive constant (w = det{g{x))^ if P = — Ag and w = 1 for 
a Laplacian in divergence form). The absorption index a is smooth, takes non-negative values 
and is of short range (see (1.8)). Our purpose is to improve the result of [BR14] concerning the 
local energy decay for the solution of this problem. 


Consider mq, ui in the Schwartz space 5, and let u be the solution of (1.1). It is straightforward 
to check that if a = 0 the total energy 
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Ep{t) := '/Pu{t) 


LI, 


l|5*u(t)|| 


Ll, 


is conserved. In general we have 

7 l> 

—Ep{t) = — / a{x)\dtu{t)\'^ w{x) dx ^ 0. 

dt jRd 

In [BR14] we have proved that if all the bounded geodesics go through the damping region 
{a > 0} (this is the so-called Geometric Control Condition, see Assumption (1.11) below), then 
the energy which is not dissipated by the medium eventually escapes to infinity, as is the case 
for the analogous self-adjoint problem under the usual non-trapping condition (see (1.10)). 

This work came after many papers dealing with the self-adjoint case a = 0. We mention for 
instance [LMP63] for the free wave equation outside some star-shaped obstacle, [MRS77] and 
[Mel79] for a non-trapping obstacle, [Ral69] for the necessity of the non-trapping condition to 
obtain uniform local energy decay and [Bur98] for a logarithmic decay with loss of regularity 
but without any geometric assumption. All these papers deal with a self-adjoint and compactly 
supported perturbation of the free wave equation on the Euclidean space. We also mention 
[BH12] and [Boull] for a long-range perturbation of the free laplacian, and [AK02, Khe03] for 
the dissipative wave equation outside a compact obstacle. In [BR14] we considered the damped 
wave equation for a Laplacian associated to a long-range perturbation of the flat metric. Here 
we improve the result obtained in this setting. 
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Let Up he the Hilbert completion of 5 x 

ll(«,^)ll«P = 


S for the norm 




Ll, 


+ k 


2 

Ll ■ 


We consider on "Hp the operator 



with domain 

V{A) = {{u,v) ^Up : {v,Pu)&'Hp}. 

Then m is a solution to the problem (1.1) if and only if [7 = (tt, idtu) is a solution to 


( 1 . 2 ) 

(1.3) 


\{dt+iA)U{t)=0, 

\uiO) = Uo, 

where Uq = (Mo,mi). The operator A is maximal dissipative on Hp (see Proposition 3.5 in 
[BR14]). This implies in particular that —iA generates a contractions semigroup, and hence 
for Uq G PiA) the problem (1.4) has a unique solution U : t ^ e~'^*-^Uo G (7°(R+,27(^4)) fl 
jT-Lp). Then the first component u of C/ is the unique solution of (1.1). 


Now we describe more precisely the operators P which we consider. We first consider the case 
of a Laplace-Beltrami operator associated to a metric g{x): 


P ■= \9ix)\ = ^ |<?(a;)| = Gj.fc(a:)^, 

j,k—l 

where |g(x)| = det{gj^kix)) and [Gj^k) = igj,k)~^- The metric g{x) is a long-range perturbation 
of the flat metric: for some p > 0 we have 

\d°‘{g{x) - Id)\ ^Ca{x)~^~^°‘^, (1.5) 

where (x) = (1 -I- |x| ) ^. The same holds for G. We recall from [Boull] that we can assume 
without loss of generality that \g{x)\ = 1 outside some compact subset of R.'^. Thus there exist 
6i, ... fed G C“(M'^) such that — is of the form 

d 

P = — divG(x)V -I- W, where W = ^ bj{x)Dj. (1.6) 

i=i 

1 . 

Here and everywhere below, Dj stands for —idxj- Now let w = |p(a;)|^. Then w is bounded 
above and below by positive constants, and 

P is self-adjoint and non-negative on with domain H^, (1-7) 

where is the usual weighted Sobolev space endowed with the norm ||u ||^2 = X]|a|sS 2 
As suggested by (1.6), we will see the Laplace-Beltrami operator as a perturbation of a Laplacian 
in divergence form. Thus we can also simply consider the case 


P := — divG(x)V, 


where G satisfies (1.5). Then (1.6) and (1.7) hold with bi = ■ ■ ■ = bd = 0 (so W = 0) and ui = 1. 

Concerning the dissipative term, we said than the absorption index a is non-negative and of 
short range. This means that 

|9“a(a;)| < Ga . (1.8) 

For i5 G R we denote by the Hilbert completion of 5 x 5 for the norm 


ll(ww)llw^ 


(x)^ Vm 


L2 



(1.9) 


We also set TL — Then we have TL = x where is the usual homogeneous Sobolev 
space. We observe that the spaces H and Hp are equal with equivalent norms. 


The main result of this paper is the following: 
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Theorem 1.1 (Local energy decay). Assume that every bounded geodesic goes through the damp¬ 
ing region (see (1-11) below). Let 6 > d ^ and e > 0. Then there exists C ^ 0 such that for 
Uo € TL^ and t 0 we have 

^ c WUoW^s . 

With the notation of (l-l), this estimate reads 


(x) ^yu{t) 


{x) ^ dtu{t) 


L 2 


^C{t)-^^-^'> (||(a;)^Vuo 


L 2 



The proof of this result relies on uniform resolvent estimates for the operator A. After 
a Fourier transform, the solution U of (1.4) can be written as the integral over t € R of 
{A— (r + i0))“^. Thus we need estimates for the resolvent {A— z)~^ when Im(z) \ 0. As usual, 
the difficulties arise when r is close to 0 and for |r| ^ 1. Let 


C+ = {z G C : Im(z) > 0} . 


We begin with the statement concerning the intermediate frequencies: 


Theorem 1.2 (Intermediate frequency estimates). Let NgN, 5>N-\-^ and 7 g]0, 1]. Then 
there exists C ^ 0 such that for all z € C+ with 7 ^ |z| ^ 7 “^ we have 

\\{A-z) ^ ^ C*- 

For high frequencies, we know that the wave propagates along the underlying classical flow 
(in a sense made rigorous by semiclassical analysis, see for instance [Zwol2] for the general 
theory and the Egorov Theorem in particular). Here this corresponds to the geodesic flow on 
]^ 2 d ^ x*W‘ for the metric G{x)~^ (that is the geodesic flow of the metric g{x) when P = — Ag). 
It is the Hamiltonian flow corresponding to the symbol 

p{xy) = {G{xyy). 

We denote by = (A(f),5(t)) this flow. Let 

= < w G p“^({ 1}) : sup \X(t,w)\ < +00 
L teR 

be the set of bounded geodesics. We say that the classical flow is non-trapping if 

Tib = 0 . ( 1 . 10 ) 

We say that the damping condition on bounded geodesics (or Geometric Control Condition, 
see [RT74, BLR92]) is satisfied if every bounded geodesic goes through the damping region 
{a{x) > 0}: 

Vw G Hb, 3T G R, a{X{T, w)) > 0. (1.11) 

In particular we recover the non-trapping condition when a = 0. Under this damping assumption 
we can prove the following result: 

Theorem 1.3 (High frequency estimates). Let NGN,d>N-\-^ and 7 > 0. Assume that 
the damping condition (1.11) is satisfied. Then there exists C ^ 0 such that for all z G C+ with 
\z\ ^7 we have 

II (A —z) lIccHy-H-^) ^ 

It is known that for low frequencies we cannot estimate uniformly all the derivatives of the 
resolvent. This explains the restriction of the rate of decay in Theorem 1.1. 

Theorem 1.4 (Low frequency estimates). Let Ng'N, 6>N-\-^ and e > 0. Then there exist 
a neighborhood U of 0 in C and G ^ 0 such that for all z €U C\ C+ we have 

IlM-«c (1 +. 

In order to prove Theorems 1.2, 1.3 and 1.4 we estimate the resolvent for the corresponding 
Schrddinger operator on Lf. We recall from Propositions 3.4 and 3.5 in [BR14] that for z G C+ 
we have on 5 x 5 

/ R{z){ia-\-z) R{z)\ _ (R{z)(iaz) R{z)\ 

yi 3- R{z)(ziaz^) zR{z)j R{z)P zi?(z)y ’ 


(A-z)-i 


( 1 . 12 ) 
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where 

R{z) = (^P — iza{x) — (1-13) 

The resolvent estimates of „4 on will be deduced from estimates for R{z) on 


The purpose of this paper is not to improve the rate of the local energy decay, which is the 
same as in [BR14]. Even in the self-adjoint setting (see [BH12]), which is contained in our 
result, this is the best decay known for a general long-range perturbation of the Laplacian. We 
recall that estimates of size have been obtained in [GHS13] {d odd) and [Tatl3] {d = 3), 

but the metric is of scattering type in the first case, and it is radial up to short range terms 
in the second. We also recall that a stronger damping would not improve the estimate. On 
the contrary, with a strong damping the contribution of low frequencies tends to behave as 
the solution of a heat equation, for which the local energy decay is weaker (see for instance 
[MN03, Nis03, Nar04, HO04]). 

The difference with [BR14] is that we have an estimate in the (weighted) energy space. The 
improvement is twofold. The main point is that we get rid of the loss of decay: if Uq = (uq, mi), 
then the estimates no longer depend on the sizes of uq and ui in the (weighted) Sobolev spaces 
and respectively. For this we will use a method adapted from [Rau78, Tsu84] to 

deduce the time decay from the resolvent estimates for the contribution of high frequencies. 

The second point is that the estimate no longer depends on the size of uq in as is the case 
in [BR14] or [KoplO]. This means in particular that we cannot deduce directly the estimates for 
{A — z)~^ from the estimates of R{z) as an operator on L^. However this is natural since the 
energy of the wave does not depend on the L^-norm of uq. This question has not been raised 
in the above mentioned papers for the following two reasons. First, when uq is supported in a 
fixed compact of (as is the case in most of the papers dealing with the local energy decay) 
then by the Poincare inequality the difference between the norms of ug in the homogeneous or 
inhomogeneous Sobolev spaces JI^ and is irrelevant. On the other hand, in the self-adjoint 
case we can write 

A := (I o) = d>-Vo$, (1.14) 

where 


% = 


Vp 

0 


0 

-Vp 


V2\Vp -1 


and 4) 


-i^J_fl/VP 1//P\ 


y2V 1 


-1 J 


The operators $ and are isometries in £('Hp,(T^)^) and ,'Hp) respectively, and 

To defines on operator on (T^)^ with domain 'D{'/P)^. Thus the properties of on Rp follow 
directly from the analogous properties of y/P on In particular the resolvent estimates for 
^0 follow from the estimates on (y/P— z)~^ and {—y/P — z)“^ in Back in the energy space, 
this gives estimates for the norms 




(x)^ y/Pu 


2 

Ll 



(1.15) 


This is what is implicitely used for instance in [BH12]. Of course in the dissipative case we 
cannot diagonalize the non-selfadoint operator A as in (1.14). 

Even if we cannot use this nice reduction to a problem on L^, we could use the norms (1-15) 
for our problem. We have chosen the norms (1.9) instead. It is easy to see that this gives two 
equivalent norms when 5 = 0. This is not so clear for 5^0. Since we study the localisation of 
the energy for large times, we prefer the norm which involves the local operator V rather than 
the norm defined with the non-local operator y/1^. Thus, even if our purpose is to deal with the 
dissipative case, the estimates in CiR ^are interesting even in the self-adjoint setting. 


Moreover, even if this does not play any role in Theorem 1.1, we notice that we have improved 
the weight in the low frequency estimates for N small. Again, this gives a more natural result 
than in [BR14]. We recall that the weight {x)~^ is sharp to obtain uniform estimates for the 
resolvent of the Schrddinger operator {P — z)~^ (see [BR15]). Thus we will have to use accurately 
the structure of the wave operator and of the energy space (based on the fact that we estimate 
the derivatives of the solution and not the L^-norm of u itself) to get a uniform estimate with 
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weight (x) ^ for any ^ ^ (see Remark 3.4). 

In our analysis we will have to use an improved version of the uniform estimates given by the 
Mourre commutators method. We recall that given a maximal dissipative operator H on some 
Hilbert space 'H, the idea of the Mourre method is to prove uniform estimates for 

where Im( 2 ;) > 0, Re(z) belongs to some interval of R, H is a (self-adjoint) conjugate operator (in 
a sense given by Definition 2.1) and 5 > ^. The main assumption is a (spectrally localized) lower 
bound on the commutator between the self-adjoint part of H and A. The original result (for 
a self-adjoint operator H) has been proved in [MouSl]. The uniform estimates for the powers 
of the resolvent have been proved in [JMP84, Jen85]: under additionnal assumptions on the 
multiple commutators between H and A we can show uniform estimates for 

{A)~^ [H - {A)~\ where S>N+^. 

Then there have been a lot of improvements in many directions. We refer to [ABG96] for a 
general overview on the subject. 

The case of a dissipative operator H has been studied in [Roy 10, BR14, Roy]. We proved in 
particular that we can insert some operators between the resolvents. If the operators <I>i,..., ‘I'jv 
have good commutation properties with A, then we can generalize the estimate above for the 
operator 

{H - z)-^^i{H - z)-^^ 2{H - z )-^... - z)-i {A)-^ . (1.16) 

This was useful since the derivatives of the resolvent R{z) are not given by its powers. For 
instance we have for the first derivative 

R'{z) = R{z){ia + 2z)R{z). (1.17) 

When a = 0, this is 2zR(z)‘^^ but in the general case we have to use the Mourre method with 
the inserted operator a{x). 

Here we follow the same general idea to see that we can weaken the weights on both sides in 
(1.16) if some of the inserted operators <I>j are themselves of the form {A)~^A For instance we 
can prove uniform estimates for an operator of the form 

{H - z)-'^ {A)-^ {H - z)-i-^+'=(0) . (1.18) 

Here A: G |1, A^jj and 5 is greater than -|- i as before. 

We know that for the resolvent of a Schrodinger operator we often use the generator of 
dilations as the conjugate operator, and then we replace the weights {A)~^ by {x)~^. Here we 
are going to use the decay of the absorption index a in (1.17) to play the role of a weight. As a 
consequence, weaker weights will be required on the left and on the right, which will be crucial 
in our analysis. 

We remark in (1.18) that if we add one power of (A)~^ between the resolvents we can remove 
one power of (A)~ on both sides. We will generalize this by adding more powers of {A)~ 
between the resolvents (see Theorem 2.3). 

This paper is organized as follows. In Section 2 we state and prove this new version of the 
Mourre method with inserted weights in the abstract setting. Then in Section 3 we improve the 
results of [BR14] concerning the estimates of the derivatives of R{z) on L^. Then we deduce in 
Section 4 the estimates of Theorems 1.2, 1.3 and 1.4 concerning the resolvent of A in the energy 
space R. Finally we use these resolvent estimates in Section 5 to prove Theorem 1.1. 

2. MOURRE’S METHOD WITH INSERTED WEIGHTS 

In this section we show how to insert weights between the resolvents in the estimates given by 
the Mourre method. We first recall the abstract setting. Even if we will only consider dissipa¬ 
tive perturbations in the sense of operators as in [RoylO, BR14] we introduce the more general 
setting of perturbations in the sense of forms as described in [Roy]. 
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Let 'Ho be a Hilbert space. We recall that the operator H on 'Ho with domain 'D{H) is said 
to be dissipative if 

Vip€V{H), lm{Hip,ip) ^0. 

In this case we say that H is maximal dissipative if it has no other dissipative extension than 
itself. This is equivalent to the fact that {H — z) has a bounded inverse for some (and hence 
any) z G C+. 

Let qo be a quadratic form closed, densely defined, symmetric and bounded below on 'Ho, with 
domain /C = 'D{qo). Let ge be another symmetric form on 'Ho, non-negative and go"bounded. 
Let q = qo — iqe- Let Hq be the self-adjoint operator corresponding to qo and H be the maximal 
dissipative operator corresponding to q. We denote by IL : 1C ^ 1C* the operator which satisfies 

q{ip, Ip) = ( Hip,Ip) for all p,ip € 1C. We similarly introduce the operators Ho, 0 G ^{IC, 1C*) 

\ / K-* .JC 

corresponding to the forms go a-nd ge, respectively. By the Lax-Milgram Theorem, the operator 
{H — z) has a bounded inverse in C{1C*,1C) for all z G C+. Moreover for p £'Ho C 1C* we have 

(iL- z)-V = 

Now we introduce the conjugate operator for H. To simplify the discussion, we consider an 
operator which is conjugate to H at any order: 

Definition 2.1. Let H be a self-adjoint operator on 'Ho- We say that H is a conjugate operator 
(in the sense of forms) to H on the interval J, at any order, and with bounds a g] 0, 1], /3 ^ 0 
and Tat ^ 0 for TV G N* if the following conditions are satisfied: 

(i) The form domain K is left invariant by for all t G M. We denote by £ the domain of 

the generator of 

(ii) The commutators = [Ho, iA\ and Bi = [H, iA\, a priori dehned as operators in C[£, £*), 
extend to operators in £(/C,/C*). Then for all n G N* the operator [Bn,iA\ defined (induc¬ 
tively) in £{£,£*) extends to an operator in C{K,K*), which we denote by Bn+i- 

(iii) For all TV G N* we have 

w+i 

IIHiKv^Tat and ||Hi +/30|| ||H°|| +/? ||[0,H]|| + ^ ||H„|K aTjv, 

n=2 

where all the norms are in £(/C, K.*). 

(iv) We have 

tj{Ho){B° + m^j{Ho) ^ atj{Ho). (2.1) 

Let G N and no,..., rij, G N*. Let j G |0, v\. We consider C £{lC,'Ho), £ 

£(/C,/C*) and G C{'Ho,lC*). We assume (inductively) on m G N that the operator 

adZ\($,,o) := [^dTp\<^,,o),iA] 

(with ad°^($j^o) = d^yo), at least defined as an operator in C{£,£*), can be extended to an 
operator in £{lC,'Ho). We assume similarly that the commutators ad"(^(d>j_fc) for m G N and 
k £ |l,nj — 1| extend to operators in £(/C,/C*), and finally that the commutators ad((\($j_„j.) 
for m G N extend to operators in C{'Ho,lC*). Then for k £ \l,nj — 1] and G N* we set 

N 

ll‘^j.fellcN(A,/c,K:*) “ ^ l|adiA(d’i,fc)ll£(/c,K:*) • 

m—0 

We similarly define 

rij — 1 

||(‘i’i,0, ■ ■ • , =\\^ho\\cr^(A,K,'Ho)\\^3’i^i\\CN{A,Ho,K*) II H llcAr(.4./C.K:*) ' 

fc=l 


For z G C+ we set 

7^J(z) = o(H - z)-i$,-i(IL - z)-i... <^j,n,-i{H - G CiUo)- (2.2) 
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In [Roy] we have proved uniform estimates for TZj{z). In particular for I (b J and 6 > rij — ^ 
there exists C ^ 0 (which only depends on the relative bound of ge with respect to qo, <5, J, / 
and the constants a, f3 and T^v which appear in Definition 2.1) such that for 

z e C/,+ := {z G C+ : Re(z) G /} 


we have 


{A)-^n,{z) {A)-^ 


Let di,..., dj, G M and for z G C+: 


C(Hq) 


^ ^ II • ■ •! ) I 


c.f (A) ■ 


7^(z) = 7^o(^) {A)-^^ 7^l(z)... (A)-'’" 7^,(z) G CiUo). 


-. 


(2.3) 


If di,... ,(5y are non-negative we can consider (A) S £(/C,/C*) for j G |l,u] as 

an inserted factor, and we directly obtain a uniform bound for 


(A) ^ 'R-iz) (A) , where d > no H- +n^ — 

Our porpose is to use the inserted weights to weaken the weights on both sides. 

For this we will use the following lemma: 


Lemma 2.2. Let u G N. Let TZq, ■ ■ ■ ,TZi, G C{'Ho)- Let Q be a self-adjoint operator on "Hq with 
Q ^ 1. Let P_,P+ G be such that P_|_ -f P_ = Id-Ho- Assume that Q commutes with P_ 

and P+. Let no,..., G N* and 70 ,..., 7 i/ G R+. Assume that for j G |0, n], cr > nj — 

O'/ ^ 0 and ^ 0 there exists c ^ 0 such that 


(t) < C7„ 

(it) ||g--^p_p,Q-|| < C 7 „ 

(ill) ||Q-"P,P+Q"-"^|Kc 7 „ 

(iv) ||Q"'P_PjP+Q'^-|| ^ C 7 ,. 

Let 60 ,, Si^+i G M and 61 , Sr G K+ be such that 

k k ^ L'+l V .J 

Vfc G |0, ul, '^Sj>^ Uj - - and ^ Sj 2 ^ 

3=0 

and moreover: 


1=0 


Let 


i=o 

j=k+l 

3 ^ 


V 


- Sj and 

1 

W 

M 

3 

'-J, 

1 

E^, 

3=0 

3=0 

J=1 


.. .TZ,-iQ-^^TZ 

Iv' • 

depends on v, 

So, ... , S,r+l,S- 

■ I c 


(2.4) 


which appear in (i)-(iv) such that 


(I) 

(II) 

(III) 

(IV) 


Q ^°TZQ < 070 .. . 7 ;.. 
Q-'5-P_PQ-'5‘'+i|| ^C7o...7., 
Q-^°nP+Q-^+\\ < 070 ... 7 ,, 
Q^‘P_nP+Q^^\\ < 070 ... 7 ,. 


Notice that the assumptions on the exponents doi • ■ • i S,r+i, S-, do not imply that they are 
all non negative. This abstract lemma will be applied in the context of the Mourre method 
as follows: Q is the weight (A), P+ and P_ are the spectral projections 1 r_^(A) and 1 r_(A), 
respectively, and TZj is as in ( 2 . 2 ): the product of nj resolvents, maybe with inserted factors. 
The assumptions (i)-(iv) will be consequences of the dissipative Mourre theory (see Theorem 
5.16 in [BR14]), and we will use estimate (I) with inserted weights. 


Proof of Lemma 2.2. The result is given by the assumptions if n = 0. We prove the general case 
by induction on v. Let 

TV = TioQ-^^niQ-^^... 
so that TZ = 'R*Q~^'''R^. We set 


U-l 

(5* = Sj and n* 
3=0 


u-l 

3=0 
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We have 

and hence 

< 7o .. . 71/-1 X 7 j,. 

We have used (III);y_i with (5+ = n* — (5*, (i) with a = min((5* + 6 ,^ — n*, S^+i) > (I);y-i 

with 61 , replaced by Si, + Jj^+i — and finally (ii) with a = S^+i- This proves (I)i/. We follow 
the same idea for the other estimates. We have 

+ \\Q-^-P-n*P+Q^''-^''\\ \\Q-'^'"Ri,Q-^''+^\\ 

< 7o .. .7,._i X 7i,. 

For the third estimate we write: 

\\Q-^°np+Q-^+\\ ^ ||g-'5«7^*p+g■*•“"•|| ||g"•“'^*“‘^‘'7^^p+g-^+|| 

+ ||g-^«7^*g”‘'-'^■'+l“^‘'|| ||g^‘'+l“”‘'P_7^^p+g-^■'+l|| 

< 7o .. .7 j.-i X 7 ^. 

And finally for 5 large enough: 

\\Q^ip_Tip+Q^-\\ < ||g'5‘p_7^*g“‘^|| ||g'^p_Pi,p+g'^’-|| 

+ ||g^‘p_p*p+g‘5|| ||g-‘5p,p+g^’'|| 

< 7o .. .7,.-i X 

This concludes the proof of the lemma. □ 


Starting from the results of [Roy] we can then deduce the following improved version of the 
dissipative Mourre method: 


Theorem 2.3. Let H be a maximal dissipative operator on Pq as described at the beginning of 
the section. Let A be a conjugate operator in the sense of Definition 2.1. Let for j S |0,z/] 

and k G |0, nj| be as above. Let L be a compact subset of J. Let Sq, ..., (5,y+i, 5+ G M and 
dll G R+ be as in Lemma 2.2. Let P{z) be as in (2.3). Then there exists (7^0 such that for 
all z G C/_+ we have 


(A)“^“ n{z) 


C{-Ho) 


«cn 

1=0 




J.o, ■ 


I ) I 


(A)-'- 1 r_(A)P(z)(A)-'‘'+^ 

(A)-'“ P(^)V(A) (A)-' 


c{no) 


C(Ho) 


^ C' II ■ • ■ ) ^j,nj ) ||c"3 

j=0 "" 

u 

^ C' II (d>j_0i ■ • ■ ) ) ||c"3 J 

3=0 "" 


and 

3=0 

We will use this result in the proof of Proposition 3.12. We recall that when H is (a pertur¬ 
bation of) the free Laplacian on P^(R'^) we usually consider (a perturbation of) the generator 
of dilations as the conjugate operator: 

A = —(x • V + V • a;) = —z (a; • V)-. 

We record in the following proposition the properties of A we are going to use in this paper: 


(A)'- 1r_(A)P(z)1m^(A) (A)'- 
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Proposition 2.4. (i) For 9 £ R, u £ S and x £W^ we have 

(e‘^"^u)(x) = e~ u{e^x). 

(ii) For j £ |1, d] and 7 G C°°(K'^) we have on S: 

[dj,iA\ = dj and [7,lA] = —(a: • V)7. 
(Hi) For p £ [l,+c»], 0 G K and u £ S we have 

= ^^( 2 “?) Ilyll 


= 6 ” 


lip ■ 


3. Uniform resolvent estimates in 

In this section we prove on the uniform estimates for the derivatives of the resolvent R{z) 
defined by (1.13). This will be used in the next section to obtain estimates on {A — £ 

C{T-L). We first recall from [BR14, Proposition 5.9] that the derivatives of R{z) are not the 
powers thereof: 

Proposition 3.1. Let iV G N. Then the derivative R^^\z) is a linear combination of terms of 
the form 

z^R{z)a{xY^R{z)a{xY'^ ... a{xY'"R{z)^ (3.1) 

where n £ [0, (there are n + 1 factors R{z) j, w G N and ui,.. ., G {0,1} are such that 

N = 2n — w — V, where V = ui H-+ u„. (3.2) 

3.1. Intermediate and high frequency estimates. For intermediate and high frequencies 
we will use directly the estimates given in [BR14]. We only have to check that we can add 
derivatives on both sides of the resolvent: 

Proposition 3.2. Let TV G N and d > TV+ i. Let G N'^ be such that \vi\ ^ 1 and \vr\ ^ 1. 
Let 7 g] 0, Ij. 

(i) There exists C ^ 0 such that for all z £ C+ with 7 ^ |z| ^ 7 “^ we have 


{x)-^ D''‘R^^\z)D''- {x) 


-s 


CiL^) 


ifC. 


(ii) Assume that the damping condition (1.11) is satisfied. Then there exists C ^ 0 such that 
for all z £ C+ with \z\ ^7 we have 


{x)~^ D''^R^^\z)D''^ (x) 


-s 


C{L^) 




kil+lwl -1 


Proof. We assume that (1.11) holds and prove the second statement. The proof of the first 
statement is analogous. Let y G C'(5“(K, [0, Ij) be equal to 1 on [—2,2]. For 2 ; G C+ we set 
Xz ■ T I—>■ x(t/|z|^). By pseudo-differential and functional calculus, the operators 

. IdI , . Fil , . \n\ 


£>'^‘(1 -f P)"-^ 


1 -FP 

-2,-S 


l-f 


are uniformly bounded in ^ for [zj ^ 7 , so 

{x)-^ D’^‘xYP) 


< 


and 


ikd 


P 


XziP) 


With a similar estimate on the right and according to Theorem 1.5 in [BR14] we obtain 
(x)-^ D’^‘XziP)R^^\z)xziP)D''- {x)-^\ 

{x)~^ D’'‘XziP) {xf {x)~^ R^'^Yz) {x)~^ (x)\YP)P''" {x)~^ 


€ 


< I ikd+kr-l-i 


For z G C+ we set Roiz) = {P — z^) As above we obtain 


{x)-^D’^‘il-Xz)iP)Roiz) {xY 


< 


ikil -2 


£(L=) 


We use the decomposition and the notation of Proposition 3.1. Let T(z) be a term like (3.1). 
We set 

Tiz) = z^aix)'^^ Riz)aix)'^^ ... a(x)‘""i?(z) 



































10 


JULIEN ROYER 


{T{z) = Idi 2 if n = 0). By the resolvent identity we have 

(x)-' (1 - x.){P)T{z)x.{P)D-^ {xY 




(x) - Xz){P)Ro{z) {x) (x) {T{z) +iza''Yx)T{z)) (x) 


, -s 


{xYxz{P)D''^ (x)-' 


< |^|kil + kr |—2 

We have used the fact that (x)~^ (T + iza''^{x)T^ { x) ^ is uniformly bounded, which can be 
proved exactly as Theorem 1.5 in [BR14]. Similarly we prove that 


(x)-' D-'Y! - Xz){P)TXz{P)D^^ (x)-' 


< |-|ki| + kr|-2 


and 

which concludes the proof. 


(x)-' (1 - x.)(P)r(l - Xz){P)D'^^ (x)-' 


< l^lkd + krl —2 


□ 


3.2. Lo-w frequency estimates: statement of the results. We now turn to the low fre¬ 
quency estimates. The following result improves and completes Theorem 1.3 in [BR14]: 


Theorem 3.3. (i) Let iV G N. Let G N'^ he such that 112;! ^ 1 and \vr\ ^ 1- Assume that 

i^r = 0 or hi = ■ ■ ■ = bd = 0. Let S > N + ^. Let e > 0. If \iyi\ + YY ^1 or N Y 0 then 
there exists a neighborhood lA of 0 in C and C ^ 0 such that for all z C\ C+ we have 


{x)-^ D''‘R^^Yz)D''-{x) 


-s 


CiL^) 


^ C ^1 + \z\ 


d-N-2+\izi | + |j/,.|-e 


)■ 


(a) Let S > ^ and a G [O, . Then there exists a neighborhood U of 0 in C and C ^ 0 such 

that for all z r\ C+ we have 

{x)~^~'^ R{z) {x)~^~'^ C ^ 


C(L^) 


|l-2cr ■ 


Remark 3.4. The second statement will only be used with cr = 0, in which case we have an 
estimate of size \z\~^. With a = ^ we have (5 > 1 and a uniform estimate, so Theorem 3.3 
contains Theorem 1.3 in [BR14]. We see that for a single resolvent the weight (x)”"* with 5 > 1 
remains almost optimal (as mentioned in introduction, the optimal weight is in fact (x) see 
[BR15]). However in our analysis for the wave equation the resolvent R{z) will never come alone. 
It will either be composed with a derivative (in which case we can use the first statement of the 
theorem), or multiplied by (in this case an estimate of size \z\ is enough). This explains 
why for iV = 0 it is enough to assume that (5 > ^ in Theorem 1.4. 


Remark 3.5. Compared to Theorem 1.3 in [BR14] we allow a derivative on the right. This is 
easier if W = 0, which explains the assumption = 0 or &i = • • • = 5^ = 0. In fact, Theorem 
3.3 will only be used in the proof of Proposition 4.3, for which we have W = 0. We take the 
contribution of W into account in Proposition 4.2. 


Remark 3.6. For these low frequency estimates there is no damping assumption, so the same 
estimates hold when a = 0 . 


Theorem 3.3 will be a consequence of Proposition 3.1 and the following result: 

Proposition 3.7. Let n G N. Let G be such that \vi\ Y 1 and \vY ^ 1. Assume that 
Vr = 0 or bi = ■ ■ ■ = bd = 0. Let ..., G {0,1} and V = vi + ■ ■ ■ + Vn- For z G C+ we set 

TZ{z) = R{z)a{xY^ R{z)a{xY^ ... R{z)a{xY'^R{z). 


Let 


Set 


Si > n + - — V and Sr > n + - — V. 


(3.3) 


Si = mm 


2 ’ 


and Sr = min [ —,Sr i , 
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and let S < si + Sr- Then there exists a neighborhood U of 0 in <C and C ^ 0 such that for all 
z €U n C+ we have 




{x) 


-5^ 


C(L^) 


l + |z 


— 2(n+l)+S'+V+|i/'i | + |i^r| 


Proof of Theorem 3.3. Let T{z) be a term like (3.1). We can apply Proposition 3.7 with S = 
min(d — e, 2N + 1). With (3.2) we obtain 


\\Tiz)\\<l + \z 

<l + \z 


u — 2(n+l)+cl— £+V+|l.'i| + | I.'r I 


iuj+2{N—n) — l+V+\ui\ + \vr\ 


d—N—2+\vi\ + \vr\—e 


:N-l+\iyi\ + \iyr\ 


If |u/| + |ur| ^ 1 or ^ 1 we obtain 

I|T’{ 2 )|| < 1 + + ^ 

This proves the first statement of the theorem. Now assume that iV = 0 (and hence n = 0). Let 
a G [O, i]. We apply proposition 3.7 with S' = 1 + 2cr, and we get the second statement. This 
concludes the proof of Theorem 3.3. □ 


In the proof of Theorem 3.3 we have only used Proposition 3.7 with Si, dr > n + ^. Now we 
use the refined assumption (3.3). The following result will be used in the proof of Proposition 
4.3: 


Corollary 3.8. Let £ > 0. Let T{z) be a term given by Proposition 3.1. Assume that n = N 
and V 1. Let S > N + ^ and j G |l,<i]. Then there exists C ^ 0 such that for z G C+ small 
enough we have 

D,T{z) 

Proof. We apply Proposition 3.7 with S = min(d — e, 2n — 1). If S = d — e we have 


^ / I I I 1-^ — 2 I I \d — N —1 —6 

1 +z + 2 : 


)■ 


{x) ^^DjT{z){x) 

And if S = 2n — 1: 


-(-5-1) 


(x) ^^DjT{z){x) 


C{L^) 

-(<5-1) 


< 1 


icj+d—£—2n —1+V 


< 1 


i-s-N-l 


C(L^) 


< 1 


, |<.-2+V < ^ ^ , |lV-2 ^ 


□ 


It the rest of this section we prove Proposition 3.7. We first use a scaling argument to prove 
the result for the resolvent of a small perturbation of the free Laplacian (see Proposition 3.13) 
and then we prove the general case by a perturbation argument. 


Let X G C“(R‘^, [0,1]) be equal to 1 on a neighborhood of 0. For p e]0,1] and x € we set 
Xvi^) — xiv^) 8'iid Gri{x) = X7i{x)Id + (1 ~ Xvi^))Gix). Then we consider the operators 

= — divG,,(x)V and = P — IF — Pr; = — div (x^(x)(G(x) — 7^)) V. (3.4) 
For the dissipative part we set = (1 — Xv)^^ finally, for 2 G C+: 

Llrj,z ~ T*rj IZOrj and = (^Hrj^z ^ 


3.3. Low frequency resolvent estimates for a small perturbation of the free case. We 

first prove Proposition 3.7 with R{z) replaced by R,i{z) (see Proposition 3.13). For this we use 
a scaling argument. For a function u on R*^ and 2 G C* we denote by the function 


Uz : X 1 -^ u 

The analysis is based on the fact that the multiplication by a decaying function somehow behaves 
like a derivative, and hence is small in the low frequency regime (this is in the spirit of the Hardy 
inequality). More precisely, for d G R we define S~^ as the set of smooth functions (j) such that 

|5“())(x)| ^ Ca . 

For z/ ^ 0, iV G N and (f G (R*^) we set 



UL.n = sup 


__^ sup 


(x) 


v+^ + \a\ 


((9“(x-V)™^)(x) 


Then we have the following result: 
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Proposition 3.9. Let v € [O, | [ and s G ] — f, f [ be such that s — i/g] —f,f[- Then there 
exists C ^ 0 such that for (j) G u € H'^ and X > 0 we have 

WtfxuWij,-. < CA^ ||<^||^_o 

and 

\\<j)xu\\jjs-. ^ CX'' ||</)||^o ||u||jj. . 

For the proof we refer to Proposition 7.2 in [BR14]. Now for z G C+ we set 

1 


Pn,z = = - div G^.,(a:)V 

U: 


and 


ft — ^ ^-iA\vi\z\TT piA\vi\z\ _ p _ „'_L 

— . .o n.z ^ i i 


— 2 


r),z ^ I I ^r),z 

'z 


(where z stands for z/ \z\). Then we set 

R^{z) = {H,,, - z^)-\ 

so that 

R^(z) = 


For ft = (fti,..., fid) G N'^ we set 


ad(( :=ad((( ...ad^;J. 


Let sg] — — 1[, ttiGN and fi G N'^. According to Propositions 2.4 and 3.9 there exists 

G ^ 0 such that for all j G |1, n], z G C+ and u G 5 we have 

l|ad"^a^,^M||^, = G [z] ||m||^.+i . 

If ft ^ 0 we have ad(lad"\a^_ 2 ;U = 0. For z G C+ we set 

= =|z|'"‘'l»"‘ and l>,(z) = |z|'"’'' 

The only property which we are going to use on these two operators is that for s G [O, | [, m G N 
and ft G there exists G ^ 0 such that for z G C+ we have 


and 


ad>d((^l>i(z) 


ad^ad":il>,(z) 




^G|z| 


<G|. 


For z G C+ and j, k G |0, n] with j ^ k we set 

TZj^k{z) = R{z)a''^+^ {x)R{z).. .a'^^{x)R{z), 
= Rr^{.z)a';f+^ {x)Rr^{z). ..a'ff{x)Rn{z) 


and 


^yfc(2) = ■ ■ ■ <i%{x)R^{z). 


(3.5) 


For Oj,..., afe G N we also define 

0,= (n.z + i)-"^a2r{x){p^,. +1)-“^+^.. .<(=,(x)(n.z +1)■“^ 

Finally, for all j,k G N with j ^ k we set 

k 

n.fe = X! 

i=i+l 

With the resolvent identity we can check by induction on m G N that ^i{z)'Rq ^{z)^r{z) can 
be written as a sum of terms either of the form 

=2N/3 


(1 + n)'^n(2)0O;ao.....a„(2;)n(2;) 

with /3 G N and ao,..., S N*, or 

(l + Z^)^$z(z)0O;ao.....aj(2)'^j.fe(-z)0fc;c<fc.....a„('j)®r(-2:) 


(3.6) 


(3.7) 










LOCAL DECAY FOR THE DAMPED WAVE EQUATION IN THE ENERGY SPACE 


13 


where /3 S N, j, fc S [0,71], j k, uq, , aj-i,ak+i ,..., a„ e N*, aj,ak € N, Yli=o cti ^ and 

ELfc ^ 

The following two results are Propositions 7.10 and 7.11 in [BR14]; 

Proposition 3.10. Let s € [O, | + 1[, s* S ] — | — 1, O] , m S N and € N'^. Let j, k G |0, n] be 
such that j ^ k. Let aj,... ,ak G N* be such that 2 ~ '^j,k ^ (s — s*). Then there exist 
rjo g]0, 1] and C ^ 0 such that for rj g] 0, ryo] and z G C-|- we have 


ad^ad^ Qj-aj,...,ak 




C{H‘‘* ,H‘) 




Moreover this also holds when aj=0 if s<^ — 1, and when Ofc = 0 i/ s* > — | + 1. 

Proposition 3.11. Let ai,ar € [O, | [, (5; > ct/ and Sr > dr- Let j, k G |0, n] and aj,... ,ak G N 
be such that 'a; is large enough (say greater than max(i5/ + 2 + ai,Sr + “2, + dr)). 

(i) If aj,..., ak-i G N* then there exists (7^0 such that for all z G C+ we have 




£(L 2 ) 






(ii) //oj+i,..., Ofe G N* then there exists C ^ 0 such that for all z G C+ we have 


(^) 0j;a^,....a,(z)$r(z)e 




C{L^) 


^c\z 


fTr+^'r+Vj,fc 


In the following proposition we give uniform estimates for ly ^{z). For this we use the Mourre 
theory. Since a is of short range, the inserted factors in (3.1) or (3.5) can be seen as inserted 
weights in the sense of Section 2. Thus with Theorem 2.3 we see that a weaker weight than 
usual is needed on both sides (with 5 > n + i we recover Proposition 7.12 in [BR14]). 

Proposition 3.12. Let 5 > n+ ^ — V. There exists rjo g]0, 1] and C ^ 0 such that for -q g]0, ? 7 o] 
and j, fc G |0, n] with j ^ k we have 


Vz G C+, 


(Ay^nlkiz) (A) 


C{L^) 


<C|z| 


Proof. • Let J = ]^,3[ and I = [|,2]. The result is clear for z G C+ such that Re(£) ^ I. 
As in the proof of Proposition 7.2 in [BR14] we can check that if q is small enough then A is 
conjugate to Hrj,z in the sense of Definition 2.1 uniformly in 2 G C+ with Re(£) G J. 

• Let ly = Vj^k and ji..., jv be such that j + l^ji<j 2 <'''<jiz^k and 

{ji, ■■■,>} = {6* e Ii + 1, fc] : iys = l}. 

Set jo = j and >+i =k+l. For 6 » G |0, v} we set ng = jg+i-jg G N*. Let ^r,iz) = (A) a^(|fy). 
We can write 


G)"' ^viz)R7i^) %i.z)Ry{z). 

For m G N we have 

adCi($,(z)) = (A) (-X • V)-a,,. = (A) ((-x • V)-(a,))^. 

Then for u G S 


, -1 


l|ad”:i($r,(z))u ||^2 < ||((-x- V)™(a^))^u||^, ||x,D,((-x-V)”"(a^))^M| 


L 2 


q=l 


< 


< 


ki ikiiifi+II yqRqi-^ ■ '^yyv))y\\L2 + i^i II 


L 2 


9=1 


Z U 


ifi ’ 


and hence 


l|adZ^(4>,(z))|| 




9=1 


< 1^1 . 
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• We set 'R-{){z) = R^°{z) and, for 6 S 'R-ei.z) = ^rjiz)R^‘’ {z). For 6 G |l,z/ — 1] we set 

Sg = 1. We also set Sq = = S. For 9 € |0, v} we have 

je+i - jo - - 1 = # {o- e |j + 1 , je+i -Ij : =0} 

^#{cr & [l,n] : = 0} 

^ n — V, 


so for 9 G |0, i^] 


” ^ 1 1 , 1 
"^Sq = 6 + 9 > n-V + 9 + - ^ jg+i -jo--^^^nq--. 

q=0 


q=0 


Similarly, 
and hence 


jy+i -ji-{v-9)-l^n-V 


I'+i 


_^ 2 1 1 

^ S- = S + v- 9>n-V-- + u-9^ j^+i - ji - i^=^nq - 

q=e+l q=e 

Thus we can apply Theorem 2.3, and the conclusion follows. 


□ 


Proposition 3.13. There exists rjo G]0, 1] such that the statement of Proposition 3.7 holds 
uniformly in rj g] 0 , 77 o] if we replace R{z) hy Rri{z). 


Proof. We consider crj G [0, si[ and ar G [0, Sr[ such that 

ai +ar = min [S, 2 (n + 1 ) - V - |i^i| - \vr\). 

In particular we have 

CTz + < ^ + 1, CTr-+ It'rl < ^ + 1 and cr; + 11 ^/ 1 + 0 -^ + Ir-rl ^ 2(n+1) - V. (3.8) 

Let Pi = ^^ 2(71 ~ d+ 2<7 ■ Siace 6i ^ si > cr/ and Sr ^ Sr > (Xr we can check that (x) 

belongs to C{LP\L'^) and G £(L^,LP'’). Since ai < ^ and Ur < | we also have the 

Sobolev embeddings PT^^ C and C . We write 

{x)~^' <^l{z)nl^^[z)<^r{z) (x)”^" 

We first estimate the contribution of a term of the form (3.6). With (3.8) we can apply Propo¬ 
sition 3.10 (with s = ai + \vi\ and s* = —ar — \vr\). With Proposition 2.4 this gives 


(x)-'* e*^'"l^l|>z(z) 0 o;«„...,.c„(^)l>.(^)e-*^'"l^l (x) 


g: 


^iA ln|z| 


X 


C{LPi) 

Mz) 




c(Er"i+hil,Er''i) 


CiL^) 

0O;Qo,...,aTi ('^) 






^—iA Inpl 


C{LPr) 


Now we consider the contribution of a term of the form (3.7) with m large enough. According 
to Propositions 3.11 and 3.12 we have 


(x) 


— iA Inp 


h (^)0O;ao. -,«j 


{z)^riz)e 




C{L^ 


< 


(x)-'‘ e*^'"l^l$z(^)0o;a„.....a,(^) (A)'' (A)"'* 7^J_,(^) (A) 


-Sr 


{Ay^ 0fc;aj,,...,a„(2:)l>r(^)e 


-^Aln\z\ ^^yS. 


< |^|'’'i + k! l+Vo ,3 |^|Vfc,„|l'r|+0’r _ | ^ | fl-|-1J/; |-|-VG |!^r |+0-r 

It only remains to remark that cr; -I- |t'z| -b V -I- \nr\ + ar equals 2(n -b 1) or S' -b |ic;| -b jiCrl -b V to 
conclude. □ 
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3.4. Proof of the low frequency estimates in the general case. Now we use Proposition 
3.13 to prove Proposition 3.7. For this we have to add the contributions of W and Prj^c in the 
self-adjoint part, and axri in the dissipative part. Let 770 > 0 be given by Proposition 3.13 and 
77 S] 0 , 77 o]. For z S C+ we set 

Krj = Prj^c + IF and Kri{z) = Kri — izaXri- 
Then we have the resolvent identities 


R{z) = Rjj{z) - R^{z)K^{z)R{z) = Rr^{z) - i?(z)iF^(z)i?^(z). 
We first estimate a single resolvent with a strong weight: 


(3.9) 


Proposition 3.14. Let vi,Vr S he such that \vi\ ^ 1 and \vr\ ^ 1. Let a > 2. Then there 
exist a neighborhood lA of 0 in C and C ^ 0 such that for all z &U D C-). we have 


(x)-" D''‘Riz)D’'- {xy^ 


ifC. 

C{L^) 


Proof. • Assume that the proposition is proved when = 0. Then if lu^l = 1 we can write by 
the resolvent identity 


{x)~^ R[z)D''^ {xY 




{xy^ {x)-^ 

+ {z — i) {x)~'^ D'^‘R{z) {x)~'^ {xY {P[z - iy {xy^ 


< 1 . 


We have used the result for = 0 and pseudo-differential calculus. Thus it is enough to prove 
the proposition in the case = 0 . 

• Let Y € [0,1]) be equal to 1 on a neighborhood of 0. For e > 0 we set T/ie : A >->• t/: (^) . 

We recall that Ro{z) = {P — z^)~^. By (3.9) and a similar resolvent identity between R(z) and 
Ro{z) we have 

R{z) = RyyiP) - R{z)Ky)Ry)y{p) 

+ ^o(^)(l - Ye){P) + izR{z)aRy){l - Ye){P). 


Assume that there exists e > 0 such that 


{xY Kn{z)Rr,{zye{P) (x) 



(3.10) 


There exists a neighborhood 14^ of 0 such that for z G Ue r\ the operators Ye{P) and 
i?o(: 2 )(l — Ye){P) are bounded in L'^’^ so according to Proposition 3.13 there exists C,Cq > 0 
such that 


(x)“‘"D"'i?(z)(x)"‘" 



(x)-" D''^R{z) (x)“" 


For z small enough this proves the result. It remains to prove (3.10). 

• Let 7 o € CY, j, k £ |1, d]. According to the Hardy inequality we have for u G 5 


{xY 'yoDku\\^2 


< 


(x) ^ DkU 


< 


L 2 




We also have 


WYY DjAoDkuW ^2 < ii(x)''(iA“7o)i:ifeM||^2 -F ||(x)'^7oi:>“i:>fe77|i^2 < ||m||^2 


If 77 is small enough we have 


1^2 Ss 2 ||Pi;n|| ^2 


for all 7 ; G 5 (see Remark 7.8 in [BR14]), so for fi > 0 we have 


{xY {Pri,c + W)Rjj{iYY’e{P) (x) U 


< 


L 2 


Rr,{iYYe{P) {x) U 




(3.11) 


< 

< 


Pr,R,j{in)Ye{P) {x) U 


Ye{P){x) U 


L 2 


L 2 

ayYilYYeiP) {xy^ u 


L 2 


+ T 


RYilj)Ye{P) {x) u 


L2 


Then we can finish the proof of (3.10) with the ideas of the proof of Proposition 7.15 in [BR14]: 
by a compactness argument the norm of Ye{P) {x)~'^ goes to 0 when e goes to 0 , for the second 
term we use the quadratic estimates (see [BR14, Proposition 3.7]) and for the last term we use 
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the easy estimate ^ The difference between Rr^ir + iji) and R{i^) can be written 

as the integral over s G [0,t] of R'(s + it) so by the estimate of R'^ given by Proposition 3.13 
we conclude that the norm (3.11) is as small as we wish if e > 0 and z G C+ are small enough. 
It remains to estimate 


\z\{xy (P) (x) . 


But with Proposition 3.13 and the boundedness of il^dP) in L^’'^ we see that for 2 G C+ close to 
0 the norm of this operator is as small as we wish. This concludes the proof of (3.10) and hence 
the proof of the proposition. □ 


Now we can finish the proof of Proposition 3.7: 

Proof of Proposition 3. 7. For z G C+, j, k G |0, n| with j Gi k we set 

P-lkiz) = P],k^z) and TZlkiz) = 

Using the resolvent identities (3.9) we can prove by induction on k G |0,n| that TZq^ kiz) = 
TZq f,{z) can be written as a linear combination of terms of the form 

T{z) = 7^°.,„(z)iF,(^)7^™^ iF,(z).. 

where p G N, jp = k, mi,..., mp_i G {0,1} and for 9 G \^,p— 1] 

me = l je-i = je- 

This last property means that R{z) only appears between two factors Kp{z) (see [KR] for an 
analogous argument without inserted factors between the resolvents). We use this result with 
k = n. Let S = max((5/,5r)- If p = 0 then the contribution of T(z) = TZq ^{z) is estimated by 
Proposition 3.13. If p = 1 we can write 


D’'‘nl^^{z)Kp{z)nlJz)D^^ {x) 
-<5, 


-Sr 


< 


(x)-'>‘ D''‘nl^^{z)y {x) 


-s 


{x}-^VTZlJz)D^-{x}-^^ 


+ ^ |(x)-'' {xy' {xf b,Vniyz)D'^^ {x) 

1=1 

-5 


-Sr 


Then we have by Proposition 3.13 

(x)-'' D'^^niyz)Kp{z)niJz)D''^ {x) 


z{x)-^nl(z)D’'^ {x)-^^ 


-Sr 


<1 + 1 ^ 


— 2(n+l) + S2 + S7.+Vo,n “1“ I “1“ I I 


It is important to notice that if [r'rl = I then 6 i = • • • = = 0 , so that the second term 

vanishes. Otherwise this estimate would not hold in the case jo = n and Sr = f ■ We proceed 
similarly for any p if mi = • • • = mp_i =0. If mj = 1 for some j G |I,p — 1| then we have 
ji-i = ji so according to Proposition 3.14 the corresponding contribution is uniformly bounded. 
This concludes the proof of Proposition 3.7. □ 


4. Uniform resolvent estimates in the energy space. 


In this section we use the estimates on R{z) to prove Theorems 1.2, 1.3 and 1.4. After 
differentiation in (1.12) we get for all N G N*: 


. , _ r-N-i _ (R^^\z){ia + z) + y^-^\z) R^^\z) 

'' V R^^\z)P zRW(z)+R(^-i)(z) 


(4.1) 


4.1. A generalized Hardy inequality. Our purpose is to prove estimates of the form 

||(A-z)-i-'^t/o||„., ^C'dzDIlUoll^.. 

In particular, if Uq = {uQ,iui) then the estimates shoud not depend on the (weighted) L^-norm 
of Uq, but only on the (weighted) L^-norms of its first derivatives. Thus the Hardy inequality 
can play a crucial role since it somehow turns the multiplication by (x)~^ into a differentiation. 
More generally, when we have a weight better than needed we can use the following result: 
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Lemma 4.1. Let S ^ 0 and a < S — 1. Then there exists C ^ 0 such that for u G S we have 


u ||^2 < C {x}^Vu 


L2 


Proof. Let x £ (7^(1^+, [0,1]) be equal to 1 on [0,1]. According to the usual Hardy inequality 
we have 


iix(N)(^r«iiL^< ^<iivu|i^2^ {xyvu 


L 2 


On the other hand 


p p+oo 

11(1-X)(|ai|)(a;)‘^u||^2 ^ / / {rf'"\u{ru})\^r^-^drduj. 

J ujGS^~^ J r=l 


For r ^ 1 and u! G S‘^ ^ we have 


|u(ra;)| = 


/* + 00 

/ / \ / \ 25 + d-l 25 + d-l 

/ [uj ■ V)u{suj)s 25 ^ ds 

J s—r 


' s—r 
^+00 






p-\-oo 

/ |V'u(sa;)| 

J S—r 

p-\-oo 

/ |Vu(sa;)|^ ds. 

J S—r 


-25-d-\-l 


ds 


< -25+2-d 


Thus 


||(l-x)(N)(a;ru||^2< 


^ + 00 


< 


(r) 

r—1 

(x)^ Vm 


2(it+1-5)-1 


^ + 00 


j s=r 


|Vu(sa;)|^ (s)^^ ^dsdujdr 


L 2 


The lemma is proved. 


□ 


4.2. Intermediate and high frequency estimates. We begin with the proofs of Theorems 
1.2 and 1.3. The proofs are exactly the same. The only difference is that we need the damping 
assumption on bounded geodesics to use the estimates of Proposition 3.2 uniformly in \z\ ^ 1. 

Proof of Theorems 1.2 and 1.3. Let 7 > 0. Let {u,v) G S x S. In this proof the symbol < 
stands for ^ C for a constant C which does not depend on u, v and z £ C+ with 7 ^ |2;| ^ 7“^ 
(or jzj ^ 7 under the damping assumption on bounded geodesics). According to Proposition 3.2 
we have 

{x)~^ VR^^\z)v < (x)^ V 


L 2 


and 


{x)-^R^^\z)v + (x)-^ R^^-^\z) 


< 


L 2 


(x)^ V 


L 2 


We now consider the contribution of the lower left coefhcent in (4.1). We have 


{x)-^R^^\z)Pu\^^< ^ \\{x)-^ R.^^\z)D, (x) 


-s 


j,k=i 

d 


C(L^) 


(x) Gj^k{x)DkU 


L 2 


+ ^ (a;)-^i?W(z) (x) 


-5 


< 


k=l 


{x)° Vu 


C{L^) 


{xy bk{x)DkU 


(4.2) 


L 2 


L 2 


For the upper left coefhcent in (1.12) we write 

1 
z 

Thus 

d^ 

— [K(z}(ia + zj) = > ^ ^ 


R{z){ia + z) = -R{z)(^P — (P — iaz — = -R{z)P -. 


(4.3) 


1=0 
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and hence 




(x) V^(i?(z)(w + 2:))M 


d N 

^EEI^ 

j^k—Q Z=0 
d N 

+EEi^ 

fc=0 1^0 


-i-i 


-i-i 


{x)~^VR^^-^\z)Dj{xy^ {x)^DkU 


(x) ^\z){x) (x) DkU 


-l-N 


{x)~^Vu 


< 


(x) Vm 


This concludes the proof. 


□ 


4.3. Low frequency estimates. We now turn to the proof of Theorem 1.4 concerning low 
frequencies. For the coefBcents on the right in (1.12) the proof is as simple as for high frequencies: 
for {u,v) £ S X S we have 


{x}~^ Wy^\z)v < (l + 


(x)^ V 


L 2 


(4.4) 


and 


{x)-^y^Hz)v + (x)-^ y^-^\z)v <fl + 

V 


.d-N-l-e} 


(x)^ V 


L 2 


(4.5) 


This is not the case for the coefBcents on the left. We have to be careful with the lack of 
derivative in the contribution of W in P (see (4.2) for the lower left coefficient). Moreover, we 
cannot follow the proof of Theorems 1.2 and 1.3 for the upper left coefficient when z is small 
because of the powers of z~^ in (4.3). 


Let Pq = — divG'(x)V and for z G C+: Pg(z) = (Pg — iza{x) — z^) We have 

A = AG + y\^ 


where 

^ (pg -ia) ^ ^ ^ (bjDj o) ^ 

Proposition 4.2. Assume that the estimates of Theorem 1.4 holds with (A — z)~^ replaced by 
{Ag — z)~^■ Then the same estimates hold for {A — z)~^ . 

Proof. For z G C-|- we have the resolvent identities 

(.4 - z)“^ = (.Ag - z)~^ - (Ag - z)"^W(.A - z)“^ 

= (.Ag - z)~'^ - {A- z)~^yV{AG - z^^. 


Then we can check that 

N 

(A - z)-^-^ = (.Ag - z)-^-^ - ^(.Ag - z)-i-'=W(Mg - z)-^-^+'^ 

k^O 

+ ^ (Ag - zy^-'^WiA- zy^-^+'^+miAG - z)-^-P 

j-\-k^N 

Let j,k gN be such that j k ^ N. For (u, v) G we have 

W(Al-z) 1 ^+'=+^wQ= [b^D^y^->^-^\z)biDn 

^ ' md—1 ^ 


In particular 

\\WiA - < 1 + . 

With the estimates on the powers of (.Ag — z)~^ we obtain the estimates of Theorem 1.4. □ 

Thus, Theorem 1.4 is a consequence of the following result: 

Proposition 4.3. The estimates of Theorem 1.4 hold with (.A — z)~^ replaced by (.Ag — z)~^ . 
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Proof. • Estimates (4.4) and (4.5) hold for Rq. For the lower left coefficient we can use the 
estimates of Theorem 3.3. For u G S we have 


(x) ^ R^q\z)Pgu <Y1 ^ 




£(L 2 ) 


(x) DkU 


L 2 


< + (xfVu 


L 2 


We now estimate the upper left coefficient for iV ^ 1. Let 


a G 




We estimate separately the two terms which appear in (4.1). For the second term we use Lemma 

4.1: 


(x)-'Vi?[f-')(z)r 


< 


L 2 


(x) ^^(2;)(x) 


< 1 


We now turn to the contribution of i?[^^(z)(ia + z). Let j G |1, d] and T{z) be a term of the 
decomposition of rI^\z) given by Proposition 3.1. If n < TV then cr > n + i, so by Proposition 
3.7 we have 


|d-(Ar-l)-l- 


II (x)^ 


C{L^) 

Vu 


\ ^ 
c) 




C(L^) 


(x) ^ DjT{z){ia + z)u ^ ^1 + 


.d-N-l-e 


(x)‘"u||, 


and we can conclude with Lemma 4.1. If n = TV and V = 0 then we have uj = N. In this case 
we can write 


(x) ^ DjT{z)(ia + z)i 


= z 


,N 


(x) ^ DjRQ~^^{z){ia + z)i 


?1V+1 


iA-l 


= 1^1 

sHi- 

Lk 


(x)-" D,R^+\z){Pg - {Pg - iza{x) - z^))i 


N-1 


{x)-^ DjR^^+\z)Di{x)-° {xYDkU 


?N+1 


-S 


+ 2 


A -1 


{xYD.R^iz) (x) 


(x)'^«|| 


< 1 


(■ 


d-N-l-e 


(x)“ Vu 


L 2 


Using the decay of a we have in any case 

(x)"^ DjT{z)au < (l + ll(x)'^ m| 1 < (l + 1^1 


d-N-l-s 


) 


Vu 


so it remains to estimate z (x) ^ DjT{z)u when n = N and V ^ 1. For this use Corollary 3.8: 


(x) DjT{z)u <k|(|l + |z|^ '^ + \zf ^ ^ ||(x)‘^w||. 


(4.6) 


We conclude again with Lemma 4.1. 

• We now estimate the contribution of the upper left coefficient in (1.12) when TV = 0. More 
precisely we have to prove that for S > ^ we have 


(x) ^ DjRG{z){ia + z)u < {x)^Vu 
Without loss of generality we can assume that d < ^ + |. Then by Lemma 4.1 we have 


(x) ^ DjRG{z)au < (x) ^DjRG{z){x) ^ (x) 


It remains to estimate (x) ^ DjRG{z)zu. For 77 g] 0, 1] we set R%{z) = {Pg — zY ^ and Ro^n{z) = 
{Prj — z^)~^, where is as in (3.4). We have 


< 


{x)° Vu 


(4.7) 


(4.8) 


[Dj,Ro_r){z)] = ^ Ro,'n{z)Dk{DjGrj,k,i{x))DiRo^ri{z) 


kA^l 
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SO 


(x) ^ DjRQ^j^{z)zu 

{x)~^ Ro,rj{z)zDjU + ^ \\{x)~^ Ro^rj{z)Dk{DjGr,,k,i{x))DiRo^r,{z)zu 


€ 


< 


k,l=l 

{x)~^ Ra^r){z)z {x)~^ {x)^ DjU 


-^7]^ sup 
k,l 


3 

{x)~^ Ro,r,Dk {x)~^~^ {xy^~^ DiRoyz)zu 


Then according to the second statement in Theorem 3.3 (applied with a = 0 and a = 0) there 
exists C ^ 0 such that for ry > 0 small enough we have 

^j^^,r){z)zu < C (x)'^Vm + ^ DjRo,v{z)zU 


and hence 


(a;) ^ DjRo^rjiz)zu < {x)^'S/u 


Now 77 > 0 is fixed. Let Go (a:) = Xr]{x){G{x) — Id)- We have the resolvent identity 

= Ro.riiz) + ^ Rc{z){z)DkGox,iix)DiRo^,^{z), 


so 


(x) ^ DjR°yz){z)zu 


< 

< 


(x) ^ DjRo^rj{z)zu ^ DjR%{z){z)DkGox,iix)DiRr,fi{z)zu 

k,l 

{xfVu + {x)~^ DjR'^{z){z)Dk{x)~^ {x)~^ DiR^^o{z)zu 


(x) Vu 


It remains to add the dissipative part. Again, we use the corresponding resolvent identity 

Rg{z) = RGiz)iz) + izRGiz)a{x)Rc{z){z) 

to write 

{x)~^ DjRG{z)zu ^ {x)~^ DjRQ{z){z)zu + {x)~^ DjRG{z)aRQ{z){z)z^ 


< 

(x)^ Vu 

+ (2;) ^ DjRG{z)aRyz){z){PG - {Pg - z^))u 



< 

(x)^ Vm 

+ X 1 ^^3^g{z){x) ^ 

(x) ^ R°G{z){z)Dk (x) ^ 

(x)^ Diu 


+ 


k,l 

(x) ^ DjRG{z)au 


< 


{x)° Vm 


We have used (4.8). This concludes the proof of (4.7) and hence the proof of the proposition. □ 


5. Local energy decay in the energy space. 

In this section we use the resolvent estimates of Theorems 1.2, 1.3 and 1.4 to prove Theorem 
1.1. We begin with a lemma about the propagation for finite times. It relies on the propagation 
at finite speed for the wave equation: 

Lemma 5.1. Let 6^0 and T > 0. Then there exists Gt ^ 0 such that for all t £ [0,r] and 
Uq € S X S we have 

^CT\\Uo\ys. 
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Proof. For ri,r 2 G M and u,v € S we set 

J n 


(|Vit|^ + |i;|^ ) dx. 

f ri^|a;|^r 2 

We also write 'H{ri,r 2 ) for 'H°{ri,r 2 ). Let u be a solution of (1.1) and U : t ^ {u{t), idtu{t)). 
Let ri,r 2 € M+ with ri ^ r 2 . For t > 0 and s £ [0,t] we have 

I ||C'(( 


/ s)f+ \dtu{t-s)f) + f {\\7u{t-s)f+ \dtu{t-s)f) 

J\x\—ro.+s J\x\—rT—s 


'1211=^2+5 

-2 Re 


/ri—s^|ai|^r2+s 


' Ixl^ri—s 

(yu{t — s) ■ dtVu{t — s) + dlu{t — s) dtu{t — s)) 


j (|Vu(t — s)|^ + \dtu{t — s)|^ — 2Redru{t — s) dtu{t — s)) 

J\x\=r2+s 


f (|Vu(t — s)|^ + \dtu{t — s)|^ + 2 Redru{t — s) dtu{t — s)) 

J |ai|=ri —s 


+2 
^ 0 . 


ri—s^|ai|^r2+s 


a \dtu(t - s)|' 


We have denoted by drU the radial derivative of u with respect to the spacial variable. Moreover 
the integrals over {|a;| = ti — s} vanish when s ^ ri. This proves that 

• Let Uo € S X S. For t G [0, T] we have 


IW(O.T) 


+ ^ (n + T + 1)^^ ||e 


neN 


^ (T) 111^011^(0,2T) + ^ ^ + 1) ll^o||'H(n,2T+n+l) 


neN 


v25 


^ {Tf' + E ro||^.(„, 2 T+n+l) 

„eN (^) 


^ {Tf' WUoWn. + {2T + 2) \\Uo\\ls sup + 


25 


ign (n) 


25 


This concludes the proof. 

Now we can prove Theorem 1.1: 


□ 


Proof of Theorem 1.1. Let Uq d S x S. We denote by U{t) the solution of (1.4). Let % £ 
C°“(R, [0,1]) be equal to 0 on ] — oo, 1[ and equal to 1 on ]2, +oo[. 

• Let z £ C+. We multiply (1.4) by e*‘^x(t) and take the integral over R. After a partial 
integration we get 

[ x{t)e^'^U{t)dt = {A-z)-^V{z), (5.1) 

JK. 

where we have set 

V{z) = —i f x!{t)e''^^U{t)dt =—i f x'(t)e*‘^C/(t) dt. 

Jr Ji 

• Let /i > 0. The map 1 1 —>• e“*^x(t)t/(t) and its inverse Fourier transform 

T i-A (A — (r + ifi))~^V (r + ifi) 
belong to 5(R) so we can inverse (5.1): 

x(t)e~*^^U(t) = ^ j (T + i^))“V(r + i^)dT. 
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Let xo G C'cr(I^) [0) 1]) be equal to 1 on a neighborhood of 0. Let xi = 1 — Xo- We can write 


X(t)e *^U{t) = 


(5.2) 


where for j G { 0 , 1 } we have set 

UjA't)= f Xj(.T)e-^*^{A-iT + ifj.))~^V{T + ifi)dT. 

• With partial integrations we see that 


where 


(it) t/o,^(t) = / e ^"'ff,{T)dT 


/mM = (^) {xo{t-){A-{t+ ifi)) W{T + in)Y 


According to Lemma 5.1 we have for any k G N 






With Theorem 1.2 and Theorem 1.4 applied with | we obtain that there exists C ^ 0 such that 
for all r £ R* and /i > 0 we have 

\\Ur)\\^-s^C\T\-i\\Uo\\^s and ||/;(r) ^ C ||C/o||„. . 

According to Lemma 4.3 in [BR14] we obtain 

ro.pWII«-. (5.3) 

• We now estimate C/i,^(t). Let A^ G N and i 57 v £ ] + ^, + 1 [. As above we see that 

{it)^Ui,fj,{t) is a linear combination of terms of the form 

■= f e~^*'^Xi\r){A- {t + + ifi)dT, 

Js. 

where j, k,l G N are such that j + k + l = N. According to the Plancherel Theorem (used twice), 
Theorems 1.2, 1.3 and Lemma 5.1 we have 




dt = 




< 


< 


[ Xi\t){A- {t + iy) ^ {t + iy 
Jr 

V^^\t + i/r) 


dr 




■H^N 


dr 


(5.4) 


roll 


WN ■ 


In particular there exists C ^ 0 such that for Uq G S x S we can find T{Uo) G [0,1] which 
satisfies 


u^,,xAnuo)) 




^ c' roii^sN • 


For t ^ 1 we have 


r.^-.fc./(i) = fe 4 (T’(r)) + [ ^ ds, (5.5) 

JTIUn) OS \ / 


T{Uo) 

where for s £ [T{Uo),t] 

_a 

^ [ xi'^(T)e-*""e-*(‘-")^(A-(r + ^M))“^“VW(r + ^/x)dT 

Jr 




ds 


= i / X®(^)e“*""e-*b-")-4(^_r)(A-(r + z/r)) W^’^Hr + i^dr 

Jr 

= [ e-^^^Xi\r){A - (r + i^))“>('=)(r + ifi) dr. 

Jr 
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With (5.4) and a similar computation for the second term this proves that the map s i—>■ 
^ belongs to uniformly in t, and its norm 

is controlled by the norm of Uq in 71^^. Using the Cauchy-Schwarz inequality in (5.5) we obtain 

<(l + yt)||C/o||„., , 




•H-on 


< wuoW^s, . 


and hence 

\\UiAmn~ 

• Let 7^0 and ct > 7 + i. Let <5o G ] ^, cr — 7 [. According to (5.2) we have 

\\UiAt)\\n-^o < 271 \\x{t)e~*^U{t)\\^_,^ + \\UoAt)\\n-^o ^ Wo\Ao ■ 

Now we use interpolation between (5.7) and (5.6) for large N. Let 6^ = 7 (A^ — 4) 
large enough we have 


+ (1 — dN)So ^ 

so by interpolation we get 


—^^(7V + 1) + i5o < cr, 

2 


\\uumH^.<{tr^\\uo\\ 


H” 


(5.6) 

(5.7) 
For N 


(5.8) 

In particular this can be applied with 7 = d and a = S. With (5.3), this concludes the proof. □ 


Remark 5.2. As usual, the restriction of the time decay in Theorem 1.1 is due to the contribution 
of low frequencies. According to (5.8), the contribution of high frequencies decays like any power 
of t, as long as we choose a suitable weight. This is close to the result of [Wan87] (except that we 
have cr > 7 + i instead of cr = 7 ), even if in our dissipative context we do not have a functionnal 
calculus to localize the solution spectrally on high frequencies. 
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